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Introduction 



The theory of the massive spin-2 field has received much attention over the years since the initial con- 
struction of a a Lagrangian formulation by Fierz and Pauli [1-2]. The original Fierz-Pauli theory for spin 
was second order in derivatives d a (and involved scalar and tensor auxiliary fields). It is highly satisfac- 
tory as long as we restrict ourselves to a free particle case. However this approach turned out not to be 
so good at considering spin-2 theory in presence an external electromagnetic field. Federbush [3] showed 
that to avoid a loss of constrains problem . the minimal coupling had to be supplemented by a direct 
non-minimal to the electromagnetic field strength. There followed a number of works on modification 
or generalizations of the Fierz-Pauli theory (Rivers [4], Nath [5], Bhargava and Watanabe [6], Tait [7], 
Reilly [8]). At the same time interest in general high-spin fields was generated by the discovery of the 
now well-known inconsistency problems of Johnson and Sudarshan [9] and Velo and Zwanzinger [10]. In 
the course of investigating their acausality problems for other then 3/2, Velo-Zwanzinger rediscovered 
the spin-2 loss of constrains problem, but were not at first aware of the non-minimal term solution of it. 
(Velo [11]) later made a thorough analysis of the external field problem for the 'correct' non-minimally 
coupled spin-2 theory, showing that it too is acausal. 

All the work mentioned above dealt with a second-order formalism for the spin-2 theory. Much of the 
confusion which arose over this theory could be traced to the so-called "derivative ordering ambiguity 
(Naglal [12]). This problem can be avoided by working from the start with a first-order formalism (for 
example see Gel'fand et al [13]) and for which the minimal coupling procedure is unambiguous.. 

The work by Fedorov [14] was likely to be the first one where consistent investigation of the spin-2 
theory in the framework of first-order theory was carried out in detail. The 30-component wave equation 
[14] referred to the so-called canonical basis, transition from which to the more familiar tensor formulation 
is possible but laborious task and it was not done in 14]. Subsequently the same 30-component theory 
was rediscovered and fundamentally elaborated in tensor-based approach by a number of authors (Regge 
[15], Schwinger [16], Chang [17], Hagen [18], Mathews et al [19], Cox [20]). Also a matrix formalism for 
the spin-2 theory was developed (Fedorod, Bogush, Krylov, Kisel [21-25]). 

Concurrently else one theory for spin-2 particle was advanced that requires 50 field components (Adler 
[26], Deser et al [27], Fedorov and Krylov [28, 23], Cox [20.]). It appears to be more complicated, however 
some evident correlation between the corresponding massless theory and the non-linear gravitational 
equation is revealed (Fedorov [28]). 

Possible connections between two variants of spin-2 theories have been investigated. Seemingly, the 
most clarity was achieved by Bogush and Kisel [25], who showed that 50-component equation in presence 
of an external electromagnetic field can be reduced to 30-component equation with additional interaction 
that must be interpreted as anomalous magnetic momentum term. Though this work was done in the 
framework of matrix formulation of the spinor technique (which make this paper difficult to follow) the 
main result was emphasized quite distinctly. 

In the present work we will return to a 30-component theory and will investigate it in presence of 
both electromagnetic and gravitational fields. Gravitational fields are assumed to be described in terms 
of a curved space-time background. We are going to trace in detail how a generally covariant Fierz-Pauli 
theory can be derived from the generally covariant first-order wave equation (in presence of A M (x), g a p(x) 
fields) . Our chief aim is to elucidate the mechanism of resolving the problem of degrees of freedom in the 
30-component theory. The most significant aspect of the theory under consideration is that it starts from 
a certain Lagrangian. This means that a presupposed set of additional conditions, constrains on 30 field 
constituents, turns out to be incorporated into the model from the very beginning, in accordance with 
the known Fierz-Pauli program [1,2]. 

1. Description of the massive spin-2 particle on the base of first-order formalism 

Let us start off with the tensor equations [21] 

Ad a <S> a = m$, (1.1a) 
Ca a $ + B9 b $ Qb = m$ a , (1.16) 
E(d k $ kab + d k <£ kba - \g ab d k <S> kn n ) + N(d a $ b + d b <£ a - ^g ab d k $ k ) = m$ ah , (1.1c) 

F[d a <P bc - d b <S> ac + ^{g bc d k $ ak - g ac d k <S> bk )} = m$ abc , (Lid) 
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where A, B, ... are some constants. From eq. (1.1c) it follows restrictions on <3? ab : 

<S>ab = +<S>ba,g ab <S>a b = K=0- (1-2) 

In turn, eq. (l.ld) presupposes antisymmetry of $ abc over two first indices $ abc = —$bac ■ Also, simpli- 
fying eq (l.ld) over indices 6 and c and remembering eq. (1.2), we get to 

$ ab b = 0. (1.3a) 

In addition, eq. (l.ld) leads to 

$abc + ®bca + ®cab = 0, HJIH e kabc <$> abc = (1.36) 

that means impossibility to reduce the 3-d rank tensor to a simpler form. 

Thus, the total number of independent components in the used tensor set $, $ a , <E> ob , 3>a6c equals to 

30: 

- 1, $„ - 4, $ ab - (10 - 1) = 9, $ abc - (6 x 4 - 4 - 4) = 16. (1.4) 

Now it should be noted that without loss in generality one may set the constants A and F equal to 
1; this involves elementary converting 

^,EF,j,CA into 4> abc ,£,$,C 

respectively. Correspondingly, instead of eqs. (1.1) further we will consider these 

<9 a $ a = m$, (1.5a) 

Cd a <P + B8 b <t> ab = m$ a , (1.56) 

E(d k $ kab + 8 k <S> kba ) + N(d a $ b + 5 b $ a _ ±g ab d k <P k ) = m$ Qb , (1.5c) 

da^bc - <9 b $ ac + ^{g bc d k <S>ak - 9acd k <S> bk ) = m$ abc . (1.5d) 
taking in mind the constrains 

*ab = + $ba, K = 0, *afcc = -3>hac, * ab & = 0, $ a fcc + $hca + $cah = 0. (1.6) 

The first step is to exclude the first and third rank tensors from eq. (1.5). To this end, with the use 
of (1.5b) one gets 

E(d k <P kab + d k <s> kba ) = 

= —lt(dad k $kb + d b d k <S> ka ) - 2d k d k $ ab - lg ab d k d n <P kn )}, 
mi A 

N[d a <S> b + d b $ a - \g ab d k <S> k ] = -[2C(d a d b - -a ab d k d k )<S>+ 

+B(d a d k $ kb + d b d k $> ka - \g ab d k d n <s> kn )]. 

Taking these two relations into account, eq. (1.5c) reads as (V 2 = d k d k ) 

2CN(d a d b - ig ab V 2 )$ + 2EV 2 $> ab + (1.7) 

+(NB - ^E){d a d k $> kb + d b d k <S> ka - \ 9 abd k d n <$> kn ) = m 2 $ ab . 

In turn, from eq. (1.5a), remembering (1.56), one gets to 

CV 2 $ + Bd k d n $ kn = m 2 $. (1.8) 

The two relationships (1.7) and (1.8) provide us with wave equations describing the spin-2 particle in 
two-order formalism. Now one needs to make clear how they could refer to a corresponding Fierz-Pauli 



equations. With this aim in mind we will produce certain constrains on yet arbitrary parameters entering 
eqs. (1.5). Acting on eq. (1.7) by d h , one produces 

'^CNd a V 2 <S> - \{NB - ^E)d a d k d n <S> kn + (NB + ^E)\7 2 d k <S> ka - m 2 d k $> ka . (1.9) 

Setting 

NB + ^-E = 0, (1.10) 

eq. (1.9) looks as 

d a (^CNV 2 <S> - Ed k d n $ kn ) = m 2 d k <S> ka , (1.11a) 
In the same time, acting on eq. (1.8) by d a , one produces 

9 a (C7V 2 $ + Bd k d n ^ kn ) = m 2 d a <i>. (1.116) 
Let us demand that the free parameters obey 

C = n-^CN.B = -n^E. (1.11c) 

Then eq. (1.11b) gets to the form 

d a {\cN $ - Ed k d n <$> kn ) = iim 2 d a ®. (l.lld) 

Because the left-hand sides of eqs. (1.11a) and (l.lld) coincide, then 

d k <P ki = fift*. (1.12a) 
Subjecting eq. (1.12a) to operation d , one produces 

^V 2 $ - d k d l <S> u = 0. (1.126) 
Let us write down here eq. (1.8) in the form 

-B(-§V 2 $-d fe d"$ fe „) =m 2 $. (1.12c) 

and let us demand that the equality fi = holds. Then from eqs. (1.12c) and (1.12a) it follows 

$ = 0. (1.13a) 

Therefore eq. (1.12a) reads as 

d k $ ka = 0. (1.136) 

It remains to proof that all these equations on free parameters are consistent with each others. They 
all are 

NB + %E = 0, C = fi-^CN, B = —[i~ 1 E, n = ~, (1.14a) 
3 2 t> 

and they give 

H = ^N, C = E=~NB. (1.146) 



Taking solutions of (1.14b) in the form 



C = E=1/2,N = 1,B = ~, (1.15) 
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it is easy to make sure that the system (1.7)-(1.8) coincides with the Fierz-Pauli equations [1,2] 

(d a d b - |.9ahV 2 )$ + (V 2 + M 2 )$ afe - (1.16a) 



2 In the following we adopt just this choice (1.15), however there are possible others. In particular, our choice differs 
from that accepted in [20,21] 



-{d a d k <s> kb + d b d k $ ka - \g ab d k d n $ kn ) = o, 

(I V 2 + M 2 )$-id fe d n $ fe „ = 0. (1.166) 

Here, m = iM and M is a real-valued massive parameter. 

On taking into account the relations (1.13a) and (1.13b) eqs. (1.16) give 

(V 2 - M 2 )$ ab = , $ afc = $ ba ,$ a a = 0,d fe $ fea = 0, (1.17) 

these are equations describing a free massive spin-2 particle [1,2]. 

Finally, let us write down the initial first-order system (1.15), now with the fixed numerical parameters 

<9 a $ a = m$, (1.18a) 
l -d a $> - l -d b $> ab = m$ a , (1.186) 
\(d k <S> kab + d k <£ kba - ^g ab d k <f kn n ) + d a $ b + d b $ a - \g ab d k <S> k = m$ ab , (1.18c) 

da^bc - d b <f> ac + ^(g bc d k <S>ak - 9a C d k <b bk ) = m$ a6c . (1.18d) 

Further we will consider these equations as a basic ones to describe the massive spin-2 particle in 
Minkowsky space-time. In its context the Fierz-Pauli theory's status should be revised and their equa- 
tions should be regarded as derivative. And just eqs. (1.18) are to be extended to general relativity case 
and investigated in that background. 

2. Spin-2 particle in a curved space-time 

To take into account the presence of an external electromagnetic field and a curved space-time back- 
ground, , eqs. (1.18) are to be replaced by 

m$, (2.1a) 

^D a <$>-^DP<S> a p = m$ a , (2.16) 

1,„„, 1 
2 

+{D a $ + Df}<f> a - ^g a0 (x)D p <P p ) = m$ Q/3 , (2.1c) 

D a <S> [j(J - Df^ aa + ^(g Pa {x)D p <S> ap - g oia {x)D p ^ f}p ) = m$ Q/3(T (2. Id) 

where D a = V Q + ie A a ; A a is an electromagnetic 4-vector; V a stands for a generally covariant 
derivative. Again, the system (2.1) involves the following constrains: 

$ Q/ 3 = $p a , $ Q/ 3 P = -$/} ap , ® a a = 0, = 0, $ Q(3p + ®p pa + $ pQ/3 = . 

It should be stressed that such a straightforward and formal generalization of the above equations does 
not mean that the taking of eq. (1.18) into eq. (2.1) is trivial step without any substantial peculiarities. 
The things are quite to the contrary. In particular, the important question of degrees of freedom in the 
model appears to become much more intricate. 

Now we are going to consider this problem in some detail. As a first step, let us exclude the first and 
third rank tensors from eq. (2.1c). To this end, manipulating with eqs. (2. Id) and (2.1b) one can produce 
two relations: 

D p <P paP + D p $ p/3a = l.[-(DPD a ^ Pp + D p D^ ap - 2D p D p <S> afi )- 

-±(D a D°<S> 0rT + DpD°$ aa - 2g af3 (x)D p D'><S> pa )}, (2.2a) 
D a $f, + D^ a - ^g a p{x)D p $ p = ±[l(D a Dfi + D fj D a - ^g a0 D p D p )<P- 



-(D p $ pa p + D p <S> pPa - -g a p{x)D p <S> p /)+ 
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~(D a D"^ 0p + D p DP<f ap - ^g a0 (x)DPD^ pa )}. (2.2b) 
With the use of (2.2), eq. (2.1c) can be brought to the form 

-^(DPD a $ p0 + DPD^ pa ) + D"D p <£ a0 + 

-^(DaD*®^ + D D°<& aa ) + X -g a0 D p B a ^ pa + ^(D a D + D D a )<S> - jg a0 (x)D p D p <3>- 

-^(D a DP^> 0p + D p DP<S> ap ) + p a0 {x)DPD°<S> pa = m 2 $ Q/3 , 
from which, on elementary calculating one gets to 

~{D"D a 9 pP + D p D^ pa ) - X -(D a D p <5> 0p + D DP$ ap )+ 

+^g a0 (x)DPD°$ pa + DPD p $> a0 + \(D a D + D D a )§ - ^g a0 {x)DPD p $ = m 2 <t> a/3 . (2.3) 
The first expression in (2.3) is readily taken to the form 

-±(DPD a $ p0 + DPD $ pa ) = 

= - X - (D a DP<S> fip + D DP$ ap ) -\({D P , D a ] - $ p/3 + [DP, D ] _ $ pQ ) . 
Correspondingly, eq. (2.3) will look as 

-D a DP<t> 0p - D D p ^ ap - 1([D", D a ]^ p0 + [DP, D }_<t> pa )+ 

+ \g a0 DPD^ pa + D p D p ^ a p + l -(D a D + D fj D a )<P - l -g a(i (x)D p D p <P = m 2 <t> a0 . (2.4a) 
In turn, excluding with the help of (2.1b)the vector field from eq. (5.1a), one can produce 

\dpD p § - \D p D a ^ pa = m 2 $ . (2.46) 

These (2.4a) and (2.4b) provides with generalizations of eqs. (1.16a,b). Formally, eqs. (2.4) differ from 
eqs. (1.16) in changing db D and in appearance additional terms owing to the [..., ...]--commutator 
construction. 

Although eqs. (2.4) are rather complicated, they exhibit some interesting properties. To bring them 
out we need perform some special manipulation. Let us act on eq. (2.4a) by /^-operator: 

-D?D a DP<f> 0p - D^D DP^ ap - \d?{[DP, D a ]_<S> rho0 + [DP, D ]_$> pa )+ (2.5a) 

+ ±D a DPD°<S> pa + D^D p D p ^ a0 + ±Df>D a Df,* + ^D?D D a <P - ^D a D p D p ^ = m 2 D^ a0 , 
which can be led to the form 

-[£>", D a ]_DP$> 0p - D a D^DP^ (ip - D?D DPS> ap - 

- X -D<\[DP, D a ]_$ p0 + [DP, D ]_$ pa ) + l -D a DPD°§ pa + D^DPD p ^ a0 + 

+±[Df , ,D a ]-D fl § + X -D a D^D^ + X -D a D^D ^ + \[D^D , D a ]_<S>- 

-^D a D f3 D $ = m 2 D $ a0 . (2.56) 
From (2.5a) after evident simplification it follows 

m 2 D^ a0 = ^D a (^DPD p $ - D^DP^ [jp ) + A a , (2.6) 
6 



with the notation 

A a = —[D /3 ,Dp]_D p $0 p + [D^,D p D p ]-^ a i3 — 
~D"([D",D a }^ p0 + [DP,D p ]^ pa ) + D a ]_D^* + \[D^D P , £>«]_<&. (2.7) 

Now let us act on eq. (2.4b)by 3 Z? Q -operator: 

D a (^D<>D p <S> - DPD°<S> pa ) = 3m 2 D a <i>. (2.8) 
Taking into account eq. (2.8) in eq. (2.6), the latter is brought to the form 

m 2 D^ afj = ^m 2 D a <5> + A a , or m 2 (^D a <P - D^ a0 ) = -A a . (2.9) 
Now acting on eq. (2.0) by operator | D a , we will have 

m 2 (- l -D a D^ a p + l -D a D a §) = -\D a A a , 
from where having remembered eq. (2.4b) we arrive at 

m 4 $ = -^d a A a . (2.10) 

In a free case, the vector A a vanishes identically, therefore from (2.10), (2.9) it follows A Q = 0, $ = 

0. 9 b $ a fc = 0. As emphasized above, these two constrains enable us to simplify noticeably the starting 
wave equations (1.18): in fact reducing it to the form (1.18). 

The fact of simplicity of the final equation (1.17) is significantly valued, especially at finding its 
solutions, but from the formal viewpoint much more important and substantial matter is that existing 
constrains 

$ = 0,^ = 0,9"$ afc = (2.11) 

can be regarded as just those conditions which will rule out all subsidiary components in the set $ a bj <£>. 
Correspondingly, only five remaining constituents should be regarded as responsible for description of 
five degrees of freedom 2s + 1 = 5 of the s = 2 particle. 

In this line of arguments the generalized constrains on tensors <E>, <fr a p 

4^ = 0, m 4 $ = -^D a A a , m 2 D^ a/3 = ^m 2 D a ^ + A a , (2.12) 

make the same work as relations (2.11): they exclude subsidiary field constituents. 

Thus, the extended theory of spin-2 particle in presence of external curved space-time background 
looks satisfactory in the line of arguments of degrees of freedom. 
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